Homework 8 Answers
David Rubinstein - Math 100 - Fall 2019

9-12) If a,b,c € N and ab, ac, bc all have same parity then a, b, ¢ all have same parity.

Solution: This is false. Take a=b=2 and c¢=3.

9-14) If A,B are sets then P(A) nP(B) =P(AnB)

Solution: Let X € P(A) nP(B). Then X ¢ A and X ¢ B, so X ¢ An B, hence
X eP(AnB).

Similarly, let Y e P(An B). Then Y € An B, so in particular, Y ¢ A and Y <€ B, hence
Y e P(A)nP(B).

9-24) The inequality 2 > x + 1 for all positive numbers x.

Solution: Let z = 2. Then 2% = /2 < 3/2 so false.

(9-34) If X AUB, then X c Aor X € B

Solution: This is false. Let A={1,2,3}, B=1{3,4,5} and let X ={2,3,4}

n(n+1)(n+2)
3

(10-4) f neN then 2+2x3+---+n(n+1)=

Solution: We prove this by induction. The base case, n=1 says that 2=2 which is true.

Thus assume this is true for some n > 1. Then we get

n(n+1)(n+2) .\
3

242x3+-+nn+1)+(n+1)(n+2) = (n+1)(n+2)

. Now we have that
n(n+1)(n+2) .
3

which is exactly what we wanted.

n(n+1)(n+2)+3(n+1)(n+2) _ (n+1)(n+2)(n+3)

(n+1)(n+2) = 3 5
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(10-8) IanNtheIla-i-—!-i----ﬁ-m:l—m

1
Solution: We again prove this by induction. The base case, n=1 is true because — = 1-—.

Thus we assume this is true for some n > 1 and show this implies it is true for n+1.
To that end, we have

1 n n+1 1 n+1 -(n+2)+n+1 1
— 4+ + =1- + =1+ =1-
2! (n+1)! (n+2)! (n+ 1)l (n+2)! (n+2)! (n+2)!

Thus this is true for all natural numbers n.

(10-18) SIM)OSG Ay, As, ... A, are all subsets of some universal set U. Prove that A, u Ay u---U A,

A_lr]...r]An

Solution: We again prove this by induction. We first prove that A; u A = AN As.
We have Ayjudy ={z:zxelUx¢ Ayjudy) ={z:zelUx¢A,x¢ A} =A nAyso
the base case holds. Now assume this is true for n > 2. Let B = A;u---UA,. Then
AjUA,u---UA,UA,,; =BUA,.;. Yet we just showed that BU A,,; = BnA,_,. Then
by our inductive hypothesis, we have that B=Aju---UA,=A;n---nA, so combining
this we get that A uAsu---UA,UA,, =A;n---nA,nA,,; and we are done.
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(10-22) If n € N prove that (1 - 5)(1 - Z)(l - ﬁ) > 1t
. . I 1 1 Do
Solution: For n=1, this says 3 > 1 + 1 which is true, so the base case holds. Now
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assume it is true for some n > 1. Then

1 1 1 1 1 1 1
(1—5)(1—1)-(1—2—71)(1—%)2(Z+2n+1)(1—2n+1) (1)

1 1 1 1

= Z_l N 4(2n+1) + on+1 - (2n+1)2 (2)
1 1 1 1
TR SRR, (3)
1 1 .3 1

= Zl + 2n+1 Zl N 2n+1) (4)
1 3 1

> P

SR Ty (5)
1 1 1
2t 2n+1(§) (6)
1

= ZL+ 2n+2 (7)

1 1
where the inequality between (4) and (5) holds because, for n > 1, el < 7% when we
subtract off the terms the inequality flips.
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